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Introduction
In the nineteenth century, the properties of a macro system had been examined with a macroscopic point of view, so-called classical thermodynamics, in terms of measurable thermodynamic variables like temperature, pressure, volume etc.. On the other hand, the development of quantum theory in the twentieth century caused to reconsider the macro systems from the microscopic point of view. That approach, is known as statistical mechanics, is made up of Hamiltonian dynamics and mathematical statistics. In the latter methodology, partition function plays the central role and the dynamics of a physical system is described with a set of quantum states. Moreover, the thermal properties of the system are determined by the multiplicity of these quantum states within partition function that depends on temperature. Helmholtz free energy can be introduced with partition function. It is well known that F o r R e v i e w O n l y 2 Helmholtz free energy can be introduced with partition function and its various derivatives refer to several thermodynamic quantities, i.e. internal energy which is the mean energy of the system, entropy which is the measure of the disorder of the system and the specific heat which is the fluctuations in energy [1, 2] . As a consequence to determine thermodynamic quantities of the investigated system, let scientists gain a better understanding of nature. Thus in the last decade, an increasing interest is seen in this field. Note that not only non-relativistic problems [3, 4, 5] but also relativistic ones are examined by various scientist [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . Moreover, experimental studies was initiated to support the theoretical studies [17] .
Among the potential energies that was subjected to be investigated in relativistic or non-relativistic equations, the Woods-Saxon (WS) potential differs from the others because it possesses an essential role in microscopic physics. Although it was originally proposed to calculate differential cross section of protons elastically scattered from medium or heavy nuclei [18] , after having success of being consistent with experimental results, it was widely employed to the problems in the different fields of physics as nuclear [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] , atom-molecule [27, 35] with relativistic [36, 37, 38, 39, 40, 41, 42, 43, 44, 45] or non-relativistic [46, 47, 48, 49, 50, 51] approaches.
When WS potential energy is used to describe the confinement of a nucleon in nuclei, the surface effects are not taken into account. In the vicinity of the surface, attractive or repulsive forces can be dominant to keep the nucleon inside the well around the surface or core. Such surface effects are being confronted in other physical processes, too. Such that, when a particle approaches to a nucleus, the incident particle should be suffered by surface forces before the core effects. Detailed discussions can be found in the twelfth chapter of Satchler [52] . The sum of volume and surface terms is called as the generalization of the WS potential energy. Generalized Woods-Saxon (GWS) potential energy has been subjected on many articles [31, 32, 33, 34, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70] .
Recently, the thermodynamic functions in the presence of surface interaction terms are analyzed with a non-relativistic point of view [31, 32] . Basically, the solution of the Schrödinger equation is used to obtain the energy spectra, which was provided in [56] . In [31] nucleon was confined in a light nucleus while in [32] in a heavy one. Note that in both studies, bound state solution is examined for GWS potential well. Then, the calculated bound states energy spectra are divided to tight-bound and quasi-bound spectra. It is shown that, in heavy or light nuclei the effect of excluding and including the quasi-bound energy spectra vary the thermodynamic functions similarly.
In a very recent paper [33] , the thermodynamic functions of an alpha particle that is confined in a heavy nucleus are investigated by using the WS and GWS potential energies in the non-relativistic point of view. More precisely, the bound state solutions of Schrödinger equation are calculated separately for both potential wells and the comparison of the Helmholtz free energy, entropy, internal energy and specific heat functions are discussed in details within the aspect of statical mechanics. Note that this comparison is done non-relativistically and an investigation within a relativistic point of view is an open question. Answering this question is going to fill the gap in the literature. Hence, this is the main motivation for this study.
The present study is going to contribute to the field since its comparative results are very interesting and differ from the non-relativistic study. The first astonishing result is the wave numbers obey different constraints in relativistic and non-relativistic case. On the other hand, the number of existing microstates decrease similar to the non-relativistic problem. Thus Helmholtz free energy and Entropy functions vary similarly in relativistic case. The other thermodynamic functions, namely internal energy and specific heat functions, do not alter similarly. In relativistic case, the internal energy of the confined particle in the WS well is greater than the internal energy of the confined particle in GWS well. Note that in non-relativistic case it was opposite. As expected the specific heat function has the contrary behavior since it is proportional to the change in the internal energy.
The manuscript is organized as follows. Section 2 starts with the Klein-Gordon(KG) equation with
mixed scalar and vectorial potentials. Then, the one dimensional KG equation is solved in strong regime with generalized symmetric Woods-Saxon (GSWS) potential energy and the required conditions to confine the particle to any GSWS potential well are discussed. In section 3, a brief definition of the thermodynamic functions that will be compared is given. In section 4, an arbitrary potential well is constituted to calculate the energy spectrum for a confined neutral Kaon. Meanwhile, the calculated energy spectra of neutral Kaon particle for the two potential energies are presented. Afterwards, the partition function is constructed and the plots of the resulting thermodynamic functions of the system are obtained. Finally, the effects of the surface interactions terms are discussed. In the conclusion section, section 5, it is mentioned that the relativistic approach results differ from non-relativistic one in terms of behaviors of internal energy and specific heat functions while Helmholtz free energy and entropy functions do not.
The Model
It is assumed that the KG equation is not only coupled with a vector potential that has a non-zero time component and vanishing spatial components, to the mass parameter by a scalar potential. In strong regime, if the vector and scalar potential energies have positively proportional magnitude, the time-independent KG equation of a spinless particle with a mass m and an energy E can be written by [71] [ d
The GSWS potential has been proposed with extra terms to the customary WS potential by
where θ(±x) are the Heaviside step functions [56] . The GSWS potential well is defined by four parameters, α determines the capability of the diffusion, where L is the range of the effective forces. The customary V 0 parameter is responsible for the depth of the potential well besides it is proportional to measure of the surface interaction barrier W by a dimensionless multiplier. The freedom of assigning positive or negative values to the multiplier, it is possible to study well with a barrier or pocket. In this study only the positive case, where bound states can be categorized by tightly-bound and/or quasi-bound states, is investigated.
The GSWS potential well in one dimension has V (−x) = V (x) symmetry. Therefore to study the problem in one region leads to determine the whole results. Moreover, this symmetry lets the energy spectrum be obtained from two subsets, even, E e n , and odd, E o n , spectra. In x < 0 region it is started by
where the parameters are
In the negative region
is used for mapping and is found that the KG equation yields to the hypergeometric differential equations. Afterwards the analytical solutions are obtained for negative region as
while for the positive region
in terms of D 1 , D 2 , D 3 and D 4 normalization constants and
parameters. Note that six coefficients are defined
Positive and real parameters k n and κ n are defined by
Since the KG particle is embedded in GSWS well, it should have energy
F o r R e v i e w O n l y Lütfüoglu 5 within the KG gap. These conditions are studied in Fig. 1 . If V 0 is greater than 0 but less than 2 , then bound states expand to whole KG gap. In literature, it is found that this analysis has not been taken into account [55] . 
<0
Before continuing, the attention of the readers should be focused on the linear correlation between W and V 0 . If these two parameters are independent, the surface effect could not play a role on the results. Therefore W is not a fabricated parameter.
The wave function solutions at infinities should fade. Thus D 2 and D 4 should be zero. The continuity conditions dictate the wave function and its derivative should be equal to each other at x = 0 boundary. At zero two mapping parameters tend to a nonzero constant t 0 ,
From the first condition it is found that
and similarly, from the second condition
is derived. Here
Since t 0 ≈ 1, the hypergeometric functions should be carefully examined around zero. Hence the transformation [72] (27) should be employed. Then M 1 and M 3 can be rewritten as
where
and
Consequently a subset of the energy spectra, E e n , is obtained by D 1 = D 3 and
while the other subset, E o n , is calculated by D 1 = −D 3 and 
Thermodynamics of a System
Once micro states energy spectrum of a physical system is calculated, the partition function can be written with [1] 
to express the Helmholtz free energy as follows
Note that β is defined by the Boltzman constant k B and temperature T
From the fundamental thermodynamic relations, the entropy of the physical system is calculated by,
Beside entropy, the expectation value of the energy of the system, the internal energy U (T ) is derived by
Finally, the measure of the energy required to raise the temperature 1K per unit mass, more precisely the isochoric specific heat capacity C v (T ), is defined by
Results and Discussions
In this section, modification of the thermodynamic functions by the surface interaction effects is going to be discussed. To establish the partition function, a confined particle and GSWS potential well parameters should be chosen. In this manuscript neutral Kaon particle, that has rest mass energy 497.648M eV , is taken into account within a GSWS potential well expressed with the chosen parameters as follows:
Note that all the parameters are determined arbitrarily. The Newton-Raphson method is used to solve Eq. 38 and Eq. 39. In Table 1 and Table 2 the calculated energy spectra are tabulated for WS and GSWS potential wells, respectively. Table 1 . The energy spectrum of the neutral Kaon particle embedded in the artificial WS potential well. Using Equation 40 the partition function is constituted. The plots of the Helmholtz free energy and the entropy functions versus reduced temperature are given in Figure 2 relativistic case similar to non-relativistic one, the entropy starts from zero at 0K and complies with the third law of thermodynamics. As expected, the number of the existing micro states decreases by the surface interaction effects accompanied by the upward shift in the spectrum and results in the increase in the Helmholtz free energy function. Afterwards the internal energy U (T ) function is investigated in Figure 3 (a) . The results differ from the non-relativistic problem. The expectation value of the energy saturates to a positive value in WS potential well while results in a negative value in GSWS well. They are calculated as 40.022M eV and −7.387M eV , respectively. The initial behavior of internal energy versus the reduced temperature is given in Figure 3 (b) . At 0K the initial internal energies are consistent with microstate's energy spectra. Similar to the non-relativistic case, indistinguishable internal energies become distinguishable when the reduced temperature increases.
Finally in Figure 4 (a), the specific heat C v (T ) versus reduced temperature is investigated. In contrast with the non-relativistic problem, it is found that in WS well the neutral Kaon reaches a higher value of specific heat at a higher reduced temperature compared with GSWS well. The demonstration of the initial behavior of the specific heat is plotted in Figure 4 (b). Note that it points out that at least two values of reduced temperature either in WS or GSWS well becomes indistinguishable for the confined neutral Kaon particle. Before the conclusion section two more points can be clarified: The first one is: "Is it possible to obtain analytically closed formulas of the thermodynamic functions within this problem?". Unfortunately, the answer is "no", because the energy spectrum is obtained by solving transcendental equations expressed in Eq. 38 and Eq. 39.
The second one is, how the corresponding equations could be modified if the three-dimensional solutions are done. Note that in such problem, the angular momentum term takes place in the effective potential. Usually, the exact solution of the KG equation in most potentials like GWS for the l ̸ = 0 states cannot be obtained in three dimensions. To deal with the orbital term, famous approximations such as Pekeris [73] , Green and Aldrich [74] can be used and already examined by [54] . For l = 0 states, the radial equation which has different boundary conditions should be solved. In that case, a different energy spectrum will be obtained [55] , though the thermodynamic functions might vary.
Conclusion
In this manuscript, the bound state solution of Klein-Gordon equation with mixed scalar-vector generalized symmetric Woods-Saxon potential is studied. The required conditions are obtained in order to confine a particle in the potential energy well. Moreover, the energy spectrum equations are found in the transcendental form. As an application, to calculate the energy spectrum, the neutral Kaon particle is chosen. The potential well is determined with arbitrary parameters excluding and including the surface effects. By using the partition function the thermodynamic functions versus reduced temperature are investigated. Since the energy spectrum shifted by the additional terms discussed, it is observed that the Helmholtz free energy shifts similar to the non-relativistic case. Moreover, the decrease of the available number of energy eigenvalue caused a decrease in entropy, as expected. It is found out that the relativistic case differs from the non-relativistic case in terms of internal energy and specific heat functions. Without surface effects, internal energy saturated with a positive value, while with effects are considered with a negative value. As a consequence, the specific heat function sailed to a higher value at a higher reduced temperature in Woods-Saxon well. 
